Previous attempts to determine the worldsheet origin of the pure spinor formalism were not completely successful, but introduced important concepts that seem to be connected to its fundamental structure, e.g., emergent supersymmetry and the role of reparametrization symmetry.
Overview
The pure spinor formalism of the superstring was introduced by Berkovits almost two decades ago [1] . Since then, it has been studied and explored in many different aspects, taking advantage of its symmetry preserving character and bosonic string-like amplitude prescription. These aspects range from the impressive 3-loop computation of scattering amplitudes of [2] or the recent N -point 1-loop results of [3] , to the investigation of the quantization of the superstring in the AdS 5 × S 5 background (see [4] for a review and references therein) or to the analysis of supersymmetry breaking effects in the superstring [5] .
There is abundant evidence that the pure spinor superstring, the spinning string [6, 7] and the Green-Schwarz superstring [8, 9] are related to each other. Scattering amplitudes computed in the pure spinor superstring were shown to be equivalent to the spinning string amplitudes up to two loops [10] . Furthermore, it has been shown in [11] that the pure spinor cohomology in the lightcone gauge describes the usual physical spectrum of the superstring. Later on this equivalence was explored in [12] and more recently in [13] , where a combination of field redefinitions and similarity transformations helped to identify the Green-Schwarz and the pure spinor superstrings.
In [14] , the DDF-like structure of the pure spinor cohomology was finally made explicit.
However, the pure spinor formalism lacks a fundamental worldsheet description, meaning a two-dimensional reparametrization invariant gauge theory which concretely leads to its characteristic BRST structure. The goal of this work is to provide such description.
The twistor-like constraint
The first step to understand the gauge structure of the pure spinor formalism was taken in [15] with the introduction of the twistor-like constraint
where P m is the canonical conjugate of the target-space coordinate X m , with m = 0, . . . , 9, γ m αβ denotes the chiral blocks of the Dirac matrices, with α = 1, . . . , 16, and λ α is a pure spinor variable satisfying (λγ m λ) = 0.
(1.
2)
The novel feature of this approach was that λ α appeared as a fundamental variable in the worldline/worldsheet and the superpartners of X m , denoted by θ α , entered the formalism as ghost fields associated to the gauge symmetry generated by (1.1). In this model, supersymmetry is an emergent feature related to a ghost twisting operation on the gauge fixed action. However, the gauge symmetries related to the pure spinor constraint were not completely considered in this approach, leading to an incorrect description of the ghost fields.
A new attempt to quantize the twistor-like constraint was made in [16] , with a different mechanism for the emergence of spacetime supersymmetry. The problem of this proposal was an overconstrained action which ultimately leads to a trivialization of the model.
This flaw was later corrected in [17] , where a new gauge theory was proposed to explain the origin of the pure spinor formalism. Berkovits' first order action can be cast as
Here, τ and σ denote the worldsheet coordinates and hatted and unhatted spinors are related to the usual left and right-moving variables. The Lagrange multipliers {L α ,Lα} impose the twistorlike constraints and {K α ,Kα}, as a consequence of the gauge algebra, impose the constraints ∇ σ λ α =∇ σλα = 0. The covariant derivatives ∇ and∇ are composed by gauge fields, A andÂ, associated to local scale symmetries for λ α andλα, which effectively convert them into projective pure spinors. Although not explicitly, S B is invariant under worldsheet reparametrization.
One of the fundamental ideas introduced in these works [15, 16, 17] is that worldsheet reparametrization is a redundant gauge symmetry (in the sense that it can be removed by a gauge-for-gauge transformation). With this in mind, the action (1.3) is already incomplete as the absence of a kinetic term for the gauge fields of the scaling symmetry prevents the existence of a gauge-for-gauge symmetry connecting the twistor-like constraints and reparametrization.
Aside from this fact, the gauge symmetries due to the pure spinor constraint imply a constrained ghost system associated to the twistor-like constraint, such that the gauge fixed action cannot be spacetime supersymmetric. Observe that the action (1.3) is invariant under the gauge transformation 4) where {f, f mn } are the gauge parameters and γ mn = 1 2 (γ m γ n − γ n γ m ). In the gauge fixing procedure, this gauge symmetry appears as a constraint on the antighost of the twistor-like symmetry, π α , given by (λγ m γ n π) = 0.
(1.5)
In turn, it implies that only five components of the associated ghost, θ α , are physical. Therefore, the phase space of the action (1.3) should be extended if the twistor-like constraint is to be part of a spacetime supersymmetric theory.
It is interesting to note, however, that all these features were in some sense convergent, leading to important concepts that seem to be deeply connected to the underlying gauge theory of the pure spinor superstring, in particular the role of worldsheet reparametrization and the emergence of spacetime supersymmetry from the ghost sector.
The extended action
A simple way to understand the physical meaning of the twistor-like constraint is to look at its worldline version, as the massless particle can be viewed as the zero length limit of the string.
Consider the constraint equation (1.1), but now with a projective pure spinor. In a Wick-rotated construction, the SO(10) spinor H α can be decomposed in terms of U (5) components such that
correspond to the independent components of H α = 0. Here, a = 1, . . . , 5 denotes U (5) vector indices, P m = {p a , p a } and γ ab = −γ ba corresponds to the U (5) parametrization of the projective pure spinor. Equation (1.6) has a clear interpretation as any solution of the massless constraint P m P m = 0 can be put in this form for a dynamical γ ab . The difference between the covariant form (1.1) and (1.6) is basically the scale symmetry introduced by Berkovits in [17] . Both of them were recently investigated by the author in [18] .
In order to obtain the pure spinor superparticle from first principles, Berkovits' model was then extended with a constrained anticommuting spinor together with an additional fermionic gauge symmetry. Now, this idea will be generalized to the worldsheet with the proposal of the action
Here, {i, j} denote the worldsheet directions τ and σ, and T is the string tension. The spinors ξ α andξα, with conjugates p i α andp iα , satisfy
The motivation for introducing the constrained spinors ξ α andξα is that they should suplement the degrees of freedom from the ghosts of the twistor-like symmetry, combining into the superpartners of X m . The fermionic symmetry in S 0 is generated by the current λ α p i α , with Lagrange multiplier χ i . The fields B and Σ effectively work as conjugates to the gauge field of the scale symmetry (A i ) and its fermionic partner (χ i ), respectively. They can be interpreted as Lagrange multipliers for a zero curvature condition on the gauge fields, ǫ ij ∂ i A j = ǫ ij ∇ i χ j = 0, with ǫ ij = −ǫ ji (ǫ ij = −ǫ ji ) and ǫ στ = ǫ τ σ = 1. The hatted variables have an analogous description.
The reparametrization invariant action (1.7) has a rich gauge structure. Its gauge algebra is onshell reducible and reparametrization symmetry can be consistently overlooked in the quantization process due to the simple form of the gauge-for-gauge symmetries. Still, the BatalinVilkovisky formalism seems to be the most adequate for the quantization of this model, because it
provides a systematic way to analyze the gauge symmetries related to the pure spinor constraints.
The extra fermionic symmetry of the action (1.7) does not have a clear physical interpretation but it is ultimately related to the emergence of spacetime supersymmetry in the gauge fixed action, which can be cast as 9) where ∂ ± = ∂ τ ± ∂ σ , corresponding to the usual superstring action in the pure spinor formalism.
In this action, θ α andθα, the superpartners of the target space coordinate X m , are composed by the ghosts associated to the twistor-like symmetry complemented with the constrained spinors ξ α andξα. This composition is only possible due to the existence of the scalar ghosts γ andγ associated to the new fermionic symmetry in (1.7). They are assumed to be everywhere nonvanishing in the worldsheet, effectively acting as ghost number twisting operators and turning all the spacetime spinors neutral under scale transformations. This is the mechanism behind the conversion of the pure spinors λ α andλα into ghost variables.
Plan of the paper
Section 2 presents in detail a first principles derivation of the pure spinor superstring. Subsection 2.1 quickly reviews the first order formulation of the Polyakov action and subsection 2.2 describes the connection between the twistor-like constraints and worldsheet reparametrization, motivating
Berkovits' model [17] . In subsection 2.3, the action (1.7) is introduced with a thorough analysis of its gauge and gauge-for-gauge symmetries. Subsection 2.4 describes the construction of the pure spinor master action, while subsection 2.5 presents its gauge fixing. Subsection 2.6 closes the section with the description of the emergence of spacetime supersymmetry leading to the pure spinor superstring. Section 3 contains some concluding remarks and possible directions to follow.
Throughout this work, special attention has been devoted to displaying auxiliary equations in the intermediate steps, so most computations can be promptly reproduced. The appendices consist of several complements and by-products of the main text. Appendix A shows how the partial gauge fixing of the pure spinor symmetries leads to the unconstrained spinor θ α , the superpartner of the target space coordinates X m . Appendix B presents some properties of the U (1) R × U (1) L sector constituted by the ghost fields related to the scaling and fermionic symmetries, respectively with parameters {Ω,Ω} and {γ,γ}. Appendix C describes a nonminimal pure spinor superstring with fundamental (b, c) ghosts, as suggested in [16] . Finally, appendix D presents the sectorized and the ambitwistor string in the pure spinor formalism as coming from a singular gauge fixing of the action (1.7).
The pure spinor superstring
In this section, the connection between worldsheet reparametrization and the twistor-like constraint will be investigated, with a concrete proposal for the underlying gauge theory of the pure spinor superstring.
Review of the Polyakov action in the first order formalism
The Polyakov action is given by
where T is the string tension, g ij is the worldsheet metric (with inverse g ij ) and g = det(g ij ).
When expanded in components (i = τ, σ), with τ denoting the worldsheet time and σ parametrizing the string length, S P is rewritten as
The canonical conjugate of the target-space coordinate X m is easily determined to be
3) leading to the Hamiltonian
In the first order formulation, the Polyakov action takes the form 5) which is equivalent onshell to S P , cf. equation (2.3) . Observe that the only dependence on the worldsheet metric appears now in the form of Lagrange multipliers. In fact, by defining the Weyl invariant operators
the actionS P is more symmetrically rewritten as
The equations of motion for P m , X m and e ± are respectively given by
and the action (2.7) is invariant under the gauge transformations
9b)
In addition to worldsheet reparametrization symmetry, with parameter c i , the actionS P is also invariant under the gauge transformations parametrized by a ± . However, these gauge symmetries are not irreducible. To see this, consider the gauge-for-gauge transformations
with parameter φ i . It is then straightforward to show that the gauge transformations (2.9) are invariant up to equations of motion:
Therefore, worldsheet reparametrization is equivalent to the symmetries generated by
2.2 The twistor-like constraint in the first order formalism
In [17] , Berkovits proposed the twistor-like constraints
as part of the fundamental gauge algebra behind the pure spinor superstring, where λ α andλα are bosonic spinors satisfying the pure spinor condition
The key idea here is that H ± in (2.12) can be rewritten as
15a)
for any constant Λ α andΛα with non-vanishing (Λλ) and (Λλ).
The first order Polyakov's action (2.7) can be covariantly modified with the introduction of the twistor-like constraints (2.13). In order to do that, λ α andλα have to be made dynamical.
In addition, Berkovits proposed in [17] the use of projective pure spinors which can be achieved by endowing λ α andλα with a scaling symmetry. The resulting action is
where {L α ,Lα} are the Lagrange multipliers for the constraints (2.13) and {A i ,Â i } are the gauge fields for the scaling symmetry generated by λ α w i α andλαŵ iα . Due to the identification (2.15), a field shift in L α andLα can absorb e + and e − , leading to Berkovits' action,
The gauge fields {A i ,Â i } now appear through the covariant derivatives {∇ i ,∇ i }. Observe also that all the dependence on the worldsheet metric is concentrated in the Lagrange multipliers {L α ,Lα} and this has to be taken into account during the gauge fixing process.
A new model with constrained anticommuting spinors
Based on the worldline results of [18] , it is straightforward to generalize the action (2.17) to
There are two guiding principles that led to the proposed action S 0 , (1) the extension of the phase space with the inclusion of constrained anticommuting spinors, ξ α andξα, satisfying
together with two fermionic symmetries generated by λ α p i α andλαp iα ; and (2) the introduction of zero curvature conditions on the gauge fields {A i , χ i ,Â i ,χ i } through the Lagrange multipliers {B, Σ,B,Σ}, which enables the extension of the gauge algebra of the model with the inclusion of gauge-for-gauge symmetries connecting worldsheet reparametrization and the twistor-like symmetries.
The equations of motion obtained from the action (2.18) can be summarized as
Due to the constraints (2.14) and (2.19), the action S 0 is invariant under
where d m , e m , f , f mn , g (hatted and unhatted) are local parameters. These gauge transformations have a special role in the formalism and will be called pure spinor symmetries. The other gauge symmetries of the model can be summarized by:
1. Worldsheet reparametrization, with parameter c i = {c τ , c σ }. Although the transformations of P m , L α andLα are nontrivial, 22) all the other fields transform covariantly either as worldsheet scalars (e.g.
2. Particle-like Hamiltonian symmetry, with parameter a ± . This symmetry is analogous to (2.9) and the transformations can be cast as 
( 2.24) 4. Fermionic gauge symmetry, with gauge fields χ i andχ i and parameters γ andγ, respec-tively. The action S 0 is invariant under the transformations
(2.25)
5. Curl symmetry, with parameters {s α , ǫ α ,ŝα,ǫα}. By construction, the reparametrization invariant form of the kinetic terms of the spinors in (2.18) imply the existence of gauge transformations given by
( 2.26) 6. Twistor-like symmetry, with parameters θ α andθα and gauge transformations
To complete the analysis of the gauge structure of S 0 , consider the gauge-for-gauge transformations with parameters φ i and ϕ ± :
.
(2.28)
Up to equations of motion and pure spinor symmetries, cf. equations (2.20) and (2.21), the gauge transformations listed above are left invariant by (2.28):
Similar equations hold for the hatted sector. This confirms that worldsheet reparametrization is a redundant symmetry of the action, since the parameters φ i and ϕ ± can be used to set c i = a ± = 0.
Furthermore, their gauge-for-gauge transformations in (2.28) involve only simple field shifts, i.e.
no derivatives of the gauge-for-gauge parameters, therefore generating no dynamical ghost-forghosts. Consequently, the gauge symmetries parametrized by c i and a ± can be disregarded in the construction of the master action within the Batalin-Vilkovisky formalism. It will be demonstrated next that the quantization of the action S 0 leads to the pure spinor superstring.
The pure spinor master action
In order to build the pure spinor master action in the Batalin-Vilkovisky formalism, the gauge parameters discussed above will be promoted to dynamical variables. The field content of the model will be collectively denoted by Φ I , with the index I running over the set
As usual, ghost fields and the correspondent gauge parameters have opposite statistics, therefore {Ω,Ω, θ α ,θα, s α ,ŝα} are Grassmann odd while {ǫ α ,ǫα, γ,γ} are Grassmann even fields. Following the discussion at the end of the previous subsection, the gauge parameters c i and a ± , and the gauge-for-gauge parameters φ i and ϕ ± will be ignored.
For every field Φ I there is an antifield Φ * I associated, with opposite statistics, and the antifield set is given by
By definition, fields and antifields are conjugate to each other, satisfying the antibracket relation
In general, the antibrackets between two operators O 1 and O 2 are defined as not all the components of Φ I and Φ * I are independent. In fact, the pure spinor constraints are generalized to
and analogous constraints on the hatted sector, and the antibracket (2.32) cannot be naively computed. For example,
which is not compatible with the constraint (λγ m λ) = 0. This contradiction arises because there is an intrinsic gauge freedom implied by the constraints (2.34), which only have vanishing antibrackets with operators invariant under the pure spinor gauge transformations given by
36d) The pure spinor master action has to be concomitantly determined with the pure spinor constraints (2.34) and symmetries (2.36). It can be cast as
where S 0 is displayed in (2.18) and
38b)
S 1 is connected to the gauge transformations of the action S 0 , while S 2 represents the extension of the gauge algebra to the ghost fields. The last piece, S 3 , is required in order for S to satisfy the master equation
By construction, the master action is invariant under the BV transformations defined as
for any operator O. Naturally, the BV transformations of the fundamental fields in the action S 0 have a similar structure to their gauge transformations and are given by
41s)
In general, the BV transformations are nilpotent. However, due to the pure spinor constraints (2.34), the transformations above are nilpotent up to pure spinor gauge transformations. For example,
With the promotion of gauge parameters to ghost fields, their BV transformations are nontrivial and can be cast as
43f)
For completeness, the BV transformations for the antifields are given by
44o)
and for the ghost antifields,
45e)
Gauge fixing
The procedure for gauge fixing in the Batalin-Vilkovisky formalism is very straightforward. But before moving on, it is useful to discuss the particular gauge to be chosen here.
Using the scaling transformations (2.24), it is possible to choose A τ =Â τ = 0. Similarly, the fermionic gauge transformations (2.25) can be used to partially fix their gauge fields to
For the curl symmetry (2.26), the choice will be w σ α = p σ α = 0 andŵ σ α =p σ α = 0. Observe here that there is no residual gauge transformation, since both fields (w σ α , p σ α ,ŵ σ α andp σ α ) and ghosts (s α , ǫ α ,ŝα andǫα) have the same number of independent components according to the pure spinor constraints (2.34) and gauge transformations (2.36).
Finally, the twistor-like symmetry (2.27) can be used to fix the Lagrange multipliers L α and Lα. Following the discussion after equation (2.17), the gauge L α =Lα = 0 would imply a degenerate worldsheet metric. Although worldsheet reparametrization is hidden in the twistorlike symmetry, the conformal gauge would still be the natural choice. In the Polyakov action (2.7), this gauge would be e ± = 1. For the action S 0 in (2.18), the conformal gauge is equivalent to the choice
The proposed gauge can be implemented through the gauge fixing fermion Ξ, given by
Here,Ω, β, r α , η α and π α are the antighosts of Ω, γ, s α , ǫ α and θ α , respectively (hatted and unhatted). The antighosts will be generically represented byΦ a (with antifieldsΦ a * ), where the index a denotes the different components of the gauge parameters. In addition, the extended phase space of the model will include the Nakanishi-Lautrup fields, Λ a , and antifields, Λ a * . The gauge fixed action can be determined by evaluating the non-minimal master action, defined as
at
For the particular choice of gauge fixing fermion (2.47), the non-vanishing antifields are given by After solving for the equations of motion of the Nakanishi-Lautrup fields, the gauge fixed action can be written as
where some of the fields were renamed in order to simplify the notation,
The BV-BRST transformations can be readily determined next. From equation (2.41), the transformations of the fields can be written as
and, using equations (2.43) and (2.44), the transformations of the ghosts are given by
55a)
55c)
The action (2.52) does not look like an ordinary action in the conformal gauge. This can be fixed with the addition of a BRST trivial expression. Consider the operators
+ŵαrα −pαηα +ÂΩ +χβ, (2.56b) and their BRST variation. It is then straightforward to demonstrate that
where ∂ ± = ∂ τ ± ∂ σ . Now, using the gamma matrix identity
The first two terms on the right hand side of each equation vanish due to the constraints (2.51).
Therefore the gauge fixed action (2.57) can be finally rewritten as
+ˆdτ dσ{ŵα∂ +λα +pα∂ +ξα +πα∂ +θα +rα∂ +ŝα +ηα∂ +ǫα } +ˆdτ dσ{Â∂ +B +Σ∂ +χ +Ω∂ +Ω +β∂ +γ }, (2.60) in which the separation between right and left-moving sectors is manifest.
The BRST current can be computed using the transformations (2.54) and (2.55). It has two components, one left and one right-moving, given by
As one final consistency check, observe that the generators of reparametrization symmetry are exact. By defining,
it is straightforward to compute their BV-BRST transformation, c.f. equations (2.54) and (2.55),
which constitute the generalization of H ± in (2.12).
Field redefinition and emergent spacetime supersymmetry
Although not obviously, the BRST structure of the action (2.60) can be greatly simplified.
Consider the field redefinitions
and analogous operations in the hatted sector, which leave the action (2.60) invariant. Note that the pure spinor constraints (2.51) have to be modified accordingly.
Since the ghosts fields γ andγ transform under scaling, the field redefinitions above leave all the spacetime spinors scale invariant at the price of shifting their ghost number. In particular, the pure spinors λ α andλα now have ghost number +1 while the θ α andθα have ghost number zero. Also, due to the ordering of the operators, the scaling parts of the BRST current (with Ω andΩ) receive quantum corrections which can be cast as
where c # andĉ # are numerical constants which will be fixed later in Appendix B.
The BRST currents (2.61) are then rewritten as
The last term in each current can be disregarded, since they correspond to total derivatives and do not contribute to the BRST charges. Furthermore, the remaining terms in the third lines of (2.66a) and (2.66b) can be removed by similarity transformations of the form J ′ ≡ e −U Je U and J ′ ≡ e −ÛĴ eÛ , where U andÛ are invariant under the pure spinor symmetries and given by
67a)
It is then straightforward to show that
It is important to emphasize that the field redefinitions in (2.64) are well defined only if γ andγ are assumed to be non-vanishing in every point of the worldsheet. This is clear in the definition of the conformal field theory of the decoupled sector, which is singular for γ = 0 and γ = 0. In a path integral formulation, this singularity can be avoided by choosing a convenient parametrization for the ghosts, e.g. γ = e σ and β = ρe −σ , therefore enforcing the non-vanishing condition. Here, σ is a chiral worldsheet scalar with conjugate ρ. More details can be found in the appendix B.
Using the quartet argument, the BRST cohomology can be shown to be independent of A, B, χ, σ, ρ, Σ, r α , s α , η α and ǫ α (hatted and unhatted). Therefore, these fields can be eliminated from the theory and the gauge fixed action (2.60) is further simplified tõ
The pure spinor constraints (2.34) are reduced to
and the action (2.69) is invariant under the implied pure spinor gauge transformations
These transformations are the key to spacetime supersymmetry. The parameter e m can be tuned in such a way that the gauge dependent components of p α are identified with the independent components of the constrained spinor π α . Furthermore, the gauge parametersf andf mn can be similarly chosen such that the gauge dependent components of θ α are identified with the independent components of the constrained spinor ξ α . This is demonstrated in Appendix
A. An analogous gauge fixing can be performed in the hatted sector. The outcome of the partial gauge fixing of the pure spinor symmetries is the action The non-vanishing BRST transformations can be cast as
δθα =λα,
generated by the BRST charges
Finally, note that the BRST charges and the action (2.72) are spacetime supersymmetric and the supersymmetry generators can be expressed as
satisfying the algebra
Therefore, spacetime supersymmetry is made manifest with the help of the field redefinitions (2.64) and the pure spinor gauge symmetries (2.71), demonstrating the the action (2.18) can be seen as the underlying gauge theory of the pure spinor superstring
Final remarks
The pure spinor action (2.72) can be rewritten in a more traditional way by solving the equation of motion for P m and Wick-rotating the worldsheet time coordinate τ . The resulting action is
with z (z) denoting the usual (anti)holomorphic coordinate, ∂ ≡ ∂ ∂z ,∂ ≡ ∂ ∂z and T = 1 (string tension). The BRST charge (2.74a) takes its standard form in the pure spinor formalism as
where d α denotes the field realization of the supersymmetric derivative and is expressed as
While the twistor-like symmetry can be understood as a way to rewrite the generators of worldsheet reparametrization with a linear dependence on P m , the extra fermionic pair {ξ α , p α } and the fermionic symmetry (2.25) do not have a clear physical interpretation. These ingredients are ultimately responsible for the emergence of spacetime supersymmetry but from the worldsheet point of view their existence lacks a more fundamental understanding. The operator λ α p α resembles part of a possible worldsheet supersymmetry generator with "wrong" conformal dimension so it might be possible that the gauge action (2.18) can be embedded in a bigger model with twisted worldsheet supersymmetry. It could be interesting to investigate a poten-
tial connection between such model and the twisted formulation of the pure spinor superstring introduced in [19] and its relation to the spinning string. Also in this direction, it is worth studying alternative gauge choices for the master action (2.37) and whether they could be related to the Green-Schwarz superstring. This idea was first proposed in [17] for Berkovits' action (1.3) and it would be interesting to develop a similar approach here. In order to do that, it seems that worldsheet reparametrization has to be explicitly included in the construction of the master action.
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A Partial gauge fixing of the pure spinor symmetries
The aim of this appendix is to demonstrate that the action (2.69) can be rewritten in terms of unconstrained spacetime spinors p α , θ α ,pα andθα, provided that the pure spinor gauge symmetries (2.71) are partially fixed in a precise form. In order to do this, the pure spinor constraints (2.70) will be explicitly solved in a Wick-rotated scenario and the SO(10) spinors will be expressed in terms of U (5) components. To illustrate the procedure, only the unhatted (left-moving) sector will be analyzed, but it can be easily extended to the right-moving sector.
U(5) decomposition
Given an SO (10) chiral spinor ξ α (antichiral χ α ), with α = 1, . . . , 16, it is possible to determine its U (5) components using the projectors P α A and (P α A ) −1 ≡ P I α , where A = {+, a, ab} denotes the U (5) indices, respectively the U (1)-charged singlet, the vector and the adjoint representations, with a = 1, . . . , 5, defined in such a way that
These projectors satisfy the orthogonality equations
and more generally P α A P B α = 0 for A = B. They can be used as building blocks of the symmetric g-matrices, defined as
where ǫ abcde and ǫ abcde are the totally antisymmetric U (5) tensors, with ǫ 12345 = ǫ 54321 = 1, satisfying the algebra
Therefore, the g-matrices (A.3) represent the U (5) components of the gamma matrices γ m .
Solving the pure spinor constraints
The action (2.69) is invariant under the pure spinor gauge transformations This can be easily demonstrated with the help of the gamma matrix property (2.58).
In terms of U (5) components, λ α , θ α and π α can be parametrized as λ α = (λ + , λ ab , λ a ),
, and π α = (π + , π ab , π a ). Therefore, using the g-matrices (A.3), the constraints (2.70) can be rewritten as
(A.7)
Assuming λ + = 0, these constraints can be explicitly solved by
Next, the transformations (A.5) can be used to conveniently choose the gauge p α = {p + , p ab , π a } and θ α = {ξ + , ξ ab , θ a }, where p + , p ab and θ a denote the independent components of p α and θ α .
Using this gauge and the solutions (A.8), their contribution to the action (2.69) can be cast as
Note that the last two terms can be absorbed by a redefinition of w α and the resulting action (2.72) depends only on the unconstrained pair {p α , θ α }.
Furthermore, the BRST current derived from the action (2.74a) is rewritten as well in terms of the pair {p α , θ α }. The terms λ α p α and (λγ m θ) preserve their shape with the gauge choice above and after a simple similarity transformation, the BRST current is given by
corresponding to the usual pure spinor BRST current plus a U (1) decoupled sector.
This section presents some properties of the U (1) R × U (1) L sector, which is constituted by the ghosts coming from the scaling symmetry (2.24) and the fermionic symmetry (2.25), but after the field redefinition (2.64).
After a Wick-rotation of the worldsheet time τ , their contribution to the action (2.60) can be written as
with holomorphic and anti-holomorphic BRST currents given by
Note that the constants c # andĉ # in (2.65) were fixed by requiring nilpotency of the BRST
The cohomology of Q * has only two elements, the identity operator ½ and Ω, which is BRST singular,
Apart from β, all the other operators above are primary fields and the central charge of the model vanishes.
As discussed in the main text, the ghost γ should not have any zeros on the worldsheet, otherwise the field redefinitions (2.64) are ill defined. This condition can be enforced by the parametrization γ = e σ , (B.7a)
and similarly for the hatted sector, such that the holomorphic part of the action (B.1) and its associated BRST charge are given by
Using the quartet argument, it is easy to show that the cohomology of Q * contains only one element, the identity operator.
C A non-minimal formalism with fundamental (b, c) ghosts
Because worldsheet reparametrization is a redundant symmetry of the action (2.18), the gauge fixed model does not contain the fundamental (b, c) ghosts which are directly connected to the definition of perturbative string theory as a sum over different worldsheet topologies. In order to implement such structure in the pure spinor formalism, Berkovits proposed the composite b ghost in [20] , which was later made super Poincarï¿ 1 2 covariant with the introduction of the non-minimal formalism in [21] . In its simplest form [22] , the pure spinor composite b ghost can be defined classically as
and satisfies {Q, B} = T P S , where Q is the BRST charge (3.2) and T P S denotes the holomorphic component of the energy-momentum tensor associated to (3.1) and can be expressed as
When the master action (2.37) is extended to include all the gauge and gauge-for-gauge symmetries described in subsection (2.3), it is possible to choose a gauge in which the reparametrization ghosts survive in the form of non-minimal variables such that the resulting BRST charge can be expressed as
where U is the generator of a similarity transformation given by
Here, b, c,φ and φ are the (fundamental) Virasoro ghosts and ghost-for-ghosts with vanishing contribution to the central charge of the action (-26+26=0).
The BRST charge (C.3) has the structure of a generic coupling of the pure spinor superstring to topological two-dimensional gravity, as analyzed in [23] , and was already suggested in [16] , but it will be further explored here. First note that it can be rewritten as
such that the fundamental b ghost satisfies
where T is the energy-momentum tensor of the non-minimal action, T = T P S −φ∂φ − ∂(φφ) − b∂c − ∂(bc).
(C.7)
Therefore, the similarity transformation in (C.3) helps to expose the familiar construction from gauge fixing worldsheet diffeomorphisms. On the other hand, there does not seem to be any relevant advantage in making such structure manifest.
The whole machinery related to picture changing operators can be immediately built. The bosonic ghosts φ andφ can be fermionized as follows, φ ∼ = e σ η, (C.8)
φ ∼ = e −σ ∂ξ, (C.9)
such that the BRST cohomology of (C.3) can be written at picture −1 as
where V is an element of the pure spinor cohomology, with BRST charge (3.2). Integrated vertex operators, I, can be built with the action of the fundamental b ghost on the unintegrated vertex operators. In the picture −1, they can be built as The problem with this action is a residual gauge symmetry (aside from the pure spinor symmetries) of the form δτ → f (τ ), a reparametrization of the worldsheet time coordinate.
Therefore, the singular gauge proposed in [17] does not completely fix the gauge symmetries of the action (2.18).
There is, however, another interesting singular gauge. Consider now the gauge fixing fermion which correspond to the ambitwistor pure spinor superstring [25] , in agreement with the results of [26] .
The heterotic sectorized or ambitwistor strings in the pure spinor formalism are obtained in a similar way. Worldsheet reparametrization and only one of the twistor-like constraints has to be taken into account in building the master action (2.37). Apart from that, the gauge fixing procedure should be very similar.
